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ABSTRACT: In this paper we have investigated some new cubic graceful graph the connection  with star. A  (n,m)  

graph   G=(V,E) is said to be Cubic Harmonious Graph(CHG)  if there exists an injective function 

f:V(G)→{1,2,3,………m3+1} such that  the  induced mapping   f * chg  : E(G)→ {13,23,33,……….m3} defined by         f 

*chg(uv) = (f(u)+f(v)) mod (m3+1) is a bijection.   In this paper, focus will  be given on the result “cubic harmonious 

labeling of Hoffman tree, Coconut tree, Bananna tree, Complete binary tree. 
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I. INTRODUCTION 

 

For standard and terminology and notation  we follow Graham and Sloane [4]. Graham and Sloane[4] defined a (n,m)- 

graph G of order n and size m to be harmonious, if there is an injective function  f : V(G) → 푍 ,where 푍  is the group 

of integers modulo m, such that the induced function  f * : E(G)→푍 , defined by f *(uv) = f(u) + f(v) for each edge uv ∈  

E(G) is a bijection. Square harmonious graphs were introduced in [9]. Cubic  graceful  graphs were introduced in [5].   

Cubic  harmonious graphs were defined in [6].  We consider in this paper, simple, finite, connected and undirected 

graph.  

Definition 1.1     

The path on n vertices is denoted by Pn. 

Definition1.2      

A complete bipartite graph K1,n  is called a star and it has (n+1) vertices and n edges 

Definition1.3       

The bistar graph Bm,n is the graph obtained from a copy  of a star K1,m  and  a copy of star K1,n by joining the vertices of 

maximum degree by an edge. 

Definition1.4 

A complete binary tree is an  2-ary tree in which every internal vertex has exactly 2 children and all leaves are at the 

same level. 
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 Definition1.5 

The coconut tree graph is obtained by identifying the vertex of K1,m with a pendant vertex of the path Pn  

Definition1.5 

An (n,k) – banana tree is a graph obtained by connecting one leaf of each of n copies of n k-star graph with a single 

root vertex that is distinct from all the stars. 

 

II.    MAIN RESULTS 

 

Theorem  2.1 

If 퐺 	= 	퐾 ,   for 	1	 ≤ 	푟	 ≤ 	푛 be the given graph. Let (퐾 , :퐺) be the graph obtained from ′푟′ copies of 퐾 ,  by 

joining 푢  with 푢( )  for 1 ≤ 푟 ≤ 	푛– 	1. Then (퐾 , :퐺) is cubic harmonious   graph for all 푚 and 푛. 

Proof:    Let (퐾 , :	퐺) be the given graph, 

Let 					푉(퐺) = 	 {푢 , 푢 }	; 																																								1 ≤ 푟 ≤ 푛, 1≤s≤m 

and 

 

          퐸	(퐺) 	= 							 {푢 푢 }; 																																										1 ≤ 푟 ≤ 푛, 1 ≤ 푠 ≤ 푚 

																																				 	푢 푢( ) 																																	1 ≤ 	푟	 ≤ 	푛– 1 

 So 

  푛	(퐺) 	= 	푛	(푚 + 1)         and        푚	(퐺) 	= 	 푛	(푚 + 1)– 1  

 Define    푓:	푉(퐺) 				→ 					 1, 2, … … … . , 푛	(푚 + 1)– 1 + 1 			 by  

	푓	(푢 ) 	= 	 (푛	(푚 + 1)– 1) + 1 

푓	(푢 ) = 	 [푛	(푚 + 1)– 푠] + (푛	(푚 + 1)– 1) + 1− 푓(푢 ); 															1	 ≤ 	푠	 ≤ 	푚 

푓	(푢 ) = [(푚 + 1)(푛– 푟 + 1) − 1] + (푛	(푚 + 1)– 1) + 1− 	푓	(푢 )	; 															2 ≤ 푟	 ≤ 	푛	 

푓	(푢 ) = [(푚 + 1)(푛– 푟 + 1)] + (푛	(푚 + 1)– 1) + 1− 	푓	 푢( ) 	; 															2 ≤ 푟	 ≤ 	푛 

                  푓	(푢 ) = [(푚 + 1) 푛– 푟 + 1 − 푠] + 푛	(푚 + 1)– 1 + 1− 	푓	(푢 )	; 		2 ≤ 푟	 ≤ 	푛,	 

                                                                                                                               2 ≤ 푠	 ≤ 	푛 

The induced edge mapping are 

푓∗(푢 푢 ) = 	 푛	(푚 + 1)– ( (푚 + 1)(푟 − 1) − 푠 ; 																																	1 ≤ 	푠	 ≤ 	푚,			 

푓∗ 	 푢 푢( ) = 	 [(푚 + 1)(푛 − 푟)] 		; 																																																										1 ≤ 푟	 ≤ 푛 − 1 

The induced edge labels are distinct and they are labeled as{ 13, 23, 33, ...... (푛(푚 + 1) − 1) }.Hence the theorem. 
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Theorem  2.2 

The graph  퐾 , 	⊙ 퐾 ,  is cubic harmonious for p,q ≥ 1. 

Proof : 

Let 퐾 , 	⊙퐾 , 	 be the given graph  G  with (푝 + 1)	(푞 + 1) vertices. 

Let the vertex set be 

푉	(퐾 , 	⊙ 퐾 , ) = 	푢,푢 ,푢 ,푤 	; 																								1	 ≤ 푟 ≤ 푝,    1	 ≤ 푠	 ≤ 푞 

and 

푉	 퐾 , 	⊙ 퐾 , = 	푢푢 ,푢 푢 ,푢푤 	; 															1	 ≤ 푟 ≤ 푝,	  1	 ≤ 푠	 ≤ 푞 

Then       푛	(퐺) 	= 	 (푝 + 1)	(푞 + 1)      and        푚(퐺) 	= 	푞(푝 + 1) 	+ 	푝 

Define an injection   푓:	푉	(퐾 , 	⊙ 퐾 , )					{1, 2, … … … … . . , (푞	(푝 + 1) + 푝) + 1} by 

푓	(푢) 	= 	(푞	(푝 + 1) + 푝) + 1 

푓(푢 ) 	= 	 [푝 + 푝푞 − 푟 + 1] 	; 																																										1 ≤ 푟	 ≤ 	푝 

푓	(푤 ) = 	 [푞	(푝 + 1) + 	푝	– 푠 + 1] ; 																														1 ≤ 푠	 ≤ 	푞 

푓(푢 ) = 	 [(푟 − 1)푞 + 푠] + (푞	(푝 + 1) + 푝) + 1– 	[	푝(푞 + 1) − 푟 + 1] ;									 

																																																																																																																		1 ≤ 푟	 ≤ 	푝  ,  1≤	s	≤ q 

Then f   induces a bijection 푓	∗	:	퐸	 퐾 , 	⊙	퐾 ,  

푓∗ 	(푢푢 ) 			= 				 [푝 + 푝	푞– 푟 + 1] 	; 																																									1 ≤ 푟	 ≤ 	푝 

푓∗(푢 푢 ) = 	 [	푞푟 − 푞 + 푠] 	; 																																																			1 ≤ 푟	 ≤ 	푝		, 1 ≤ 푠	 ≤ 	푞 

푓∗(푢푤 ) 			= 		 [	푝(푞 + 1) + 푞 + 1– 푠] 	; 																																									1 ≤ 푠	 ≤ 	푞 

The induced edge labels are distinct and cubic. The edge mappings are {1 , 2 , 3 , … … 	… … . . (푞	(푝 + 1) + 푝) } Hence 

the theorem. 

 

Theorem   2.3 

If 	퐺 = 	퐾 ,  be the given graph for 1 ≤ 	푟	 ≤ 	푞 with vertex set 	푉(퐺 ) 	= 	{푢 ,푢 	; 1 ≤ 푟	 ≤ 푞, 1 ≤ 푠	 ≤ 푝}. Let G be 

the given graph formulated by associate 푢  with 푢( )  for 				1 ≤ 푟	 ≤ 푞 − 	1, Then G is a cubic harmonious  for all p 

and q. 

Proof : 

The graph G consisting of the vertex set 

 													푉(퐺) 	=	 푢 , 푢 ,푢 ; 			1 ≤ 푟	 ≤ 푞,					2 ≤ 푠 ≤ 푝  

and the edge set  

             E(G) =       푢 푢 ; 

                               푢 푢 ; 																1 ≤ 푟	 ≤ 푞,					2 ≤ 푠 ≤ 푝												  

Then 푛	(퐺) 	= 	푝푞	+ 1      and     m(G) = pq  

http://www.ijirset.com


  

 

                      ISSN(Online): 2319-8753 
         ISSN (Print):  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com 

Vol. 6, Issue 10, October 2017 

Copyright to IJIRSET                                                                 DOI:10.15680/IJIRSET.2017.0610112                                     19816 

    

Let 푓:	푉(퐺) 		→ 		 {1, 2, 3, … … … … , (푝푞) + 1} be defined as follows. 

푓(푢 ) 	=	  (푝푞) + 1  

푓(푢 ) = 2(푝푞) + 1	 − 푓(푢 )	  

푓(푢 ) = 	 푝푞	–푝(푟 − 1) + (푝푞) + 1 − f(u( ) ); 														2	 ≤ 	푠	 ≤ 푝 

푓(푢 ) = 	 [푝푞 − (푠 − 1) + (푟 − 1)푝 ] + (푝푞) + 1− 푓(푢 ); 							1	 ≤ 	푟	 ≤ 	푞		,			2	 ≤ 푠	 ≤ 푝	 

Then  the   induced edge mapping are  

푓	∗	(푢 푢 ) = 	 (푝푞) ;			 

푓	∗	(푢 푢 ) = {푝푞 − ((푠 − 1) + (푟 − 1)푝)} 	,																					1 ≤ 푟	 ≤ 푞		,			2 ≤ 푠 ≤ 푝		 

The vertex labels are in the set {	1, 2,3, … … … , (푝푞) + 1}. Then the edge label arranged in the set 

{1 , 2 , … … . . , (푝푞) }. So the vertex labels are distinct and edge labels are also distinct and cubic. So the graph  G   is 

cubic harmonious  for all		푝	and q. 

Theorem   2.4 

The coconut tree graph is cubic harmonious  for all m ≥ 1 and n ≥1 

Proof:  

Let G be a coconut tree graph. 

Let V(G) = {푢 , 푣 } ;                       1 ≤ r	≤ m;   0 ≤ s ≤ n-1 

and  

E(G) = 		{푣 푢 ,			푣 푣 };                 1 ≤ r	≤ m;  0 ≤s ≤n–2;  

So,              │n (G)│ = m + n             and           │m (G)│ = m + n – 1 

Define f: V (G)          1, 2 … … … . , 푚+ 푛– 1 + 1  by 

f (v0) = 푚+ 푛– 1 + 1 

f (ur) = (m+n – r)3;            1≤ r ≤ m 

f (vs ) = 푛– 푠 + 푚+ 푛– 1 + 1 − 푓(푣 );       1 ≤ s ≤ n-1 

The induced edge mapping are 

f* (v0 ur) = 푚 + 푛	– 푟 ;               1≤ r ≤ m 

f * (vsvs+1) = (n–s-1)3;                   0 ≤ s ≤ n– 2 

The vertex labels are in the set 0, 1, 2, … . (푚 + 푛	– 1) + 1  . Then the edge label arranged in the set 1 , 2 … (푚+

푛	– 1) . So the vertex labels are distinct and the edge labels are also distinct and cubic. So the coconut tree graph is 

cubic harmonious  for all m ≥ 1 and n ≥ 1.               
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Theorem  2.5 

Banana Tree 퐵 ,    is cubic harmonious  for all 푛,푘,≥ 	1 

Proof: 

Let G be the graph 퐵 ,  

Let 푉(퐺) = 	푢, 푢 ,푤 	;					           1≤	r	≤ nk  ,  1 ≤	s 	≤n  

and  

퐸	(퐺) = 									푢푢 ; 																																																			1	 ≤ 푠	 ≤ 푛 

																										푤 푢 ; 																																																1	 ≤ 푟	 ≤ 푛푘 

Then 푛(퐺) 	= 	푛	(푘 + 1) 	+ 	1        and       푚(퐺) = 	푛	(푘 + 1)          

Let     푓:	푉	(퐺) 			→ 			 {1, 2, . . … . . , (푛	(푘 + 1)) + 1} be defined as follows. 

푓(푢) 	= 	 (푛	(푘 + 1)) + 1 

푓(푢 ) = 	 [푛	(푘 + 1)– 푠 + 1] ; 																																											1	 ≤ 푠 ≤ 푛 

푓(푤 ) = 	 (푛푘 − 푠 + 1) + (푛	(푘 + 1)) + 1 − 푓(푢 ); 																1	 ≤ 푠	 ≤ 푛,	 

푓(푢 ) = 	 [푛(푘 + 1)− (푟 + 1)] + 푛	(푘 + 1) + 1 − 푓 푢 ( ) ;												 

																																																																									(푛 + 1	) ≤ 푟	 ≤ 푘 + 1,						0 ≤ 푖 ≤ 푘 − 2	 

푓(푢 ) = 	 [푛(푘 + 1)− (푟 + 1)] + 푛	(푘 + 1) + 1 − 푓 푤 ( ( ) ;												 

1 ≤ 푖	 ≤ 푛 − 1,						(푛 + 푘) ≤ 푟 ≤ 푛푘, 0 ≤ 푗 ≤ 푘 − 2 

The induced mapping are 

푓	∗	(푢푢 ) 	= 	 [푛	(푘 + 1)– (푠– 1)] ; 																																										1	 ≤ 푠	 ≤ 푛 

푓	∗(푤 푢 ) = 		 [((푛푘	– 푟 + 1)] ; 																																																1	 ≤ 푠	 ≤ 푛, 1 ≤ 푟 ≤ 푛푘 

The vertex labels are in the set {1, 2, … … , (푛	(푘 + 1)) + 1}. Then the edge label arranged in the set {1 , 2 , … . [푛(푘 +

1)] }. So the vertex labels are distinct and edge labels are also distinct and cubic.Hence the theorm 

Theorem  2.6 

A complete binary tree is cubic harmonious  for all n ≥ 3. 

Proof: 

Let G be the complete binary tree 

Let 				푉(퐺) 	= 	 푢 ; 																																													1	 ≤ 푟	 ≤ 푛 

and  

퐸	(퐺) = 	 푢 푢 ; 	푢 푢 ; 																																	1 ≤ 푟	 ≤
푛– 1

2  

Then        푛(퐺) 	= 	푛              and        푚	(퐺) 	= 	 (푛– 1) 

Let   푓:	푉(퐺) 			→ 		 1, 2, … . … … , 푛– 1 + 1  be defined as follows: 

푓	(푢 ) = 	 (푛– 1) + 1 

http://www.ijirset.com


  

 

                      ISSN(Online): 2319-8753 
         ISSN (Print):  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com 

Vol. 6, Issue 10, October 2017 

Copyright to IJIRSET                                                                 DOI:10.15680/IJIRSET.2017.0610112                                     19818 

    

푓	(푢 ) = 	 (푛– 2푟 + 1) + (푛– 1) + 1	–푓(푢 ); 																																		1	 ≤ 	푟	 ≤ 	
푛 − 1

2 ;				 

푓	(푢 ) = 	 (푛– 2푟) + (푛– 1) + 1	– 푓(푢 ); 																																		1	 ≤ 	푟	 ≤ 	
푛 − 1

2 ;				 

The induced edge mapping are 

푓 ∗ 	(푢 푢 ) = 	 [푛 − 2푟 + 1] ; 																																	1 ≤ 푟	 ≤
푛– 1

2 	;			 

푓 ∗ 	(푢 푢 ) = 	 [푛 − 2푟] ; 																																					1 ≤ 푟	 ≤
푛– 1

2 	 ;			 

The vertex labels are in the set {	1, 2, … . . … . (푛 − 1) + 1}. Then the edge label arranged in the set 

{1 , 2 , 3 … … . (푛 − 1) }. So the vertex labels are distinct and the edge labels are also distinct and cubic. So the 

complete binary tree is cubic harmonious for all  푛	 ≥ 	3. 

Corollary 1 

A full binary tree is cubic harmonious  for all   푛	 ≥ 	3. 

Proof: 

It can be proved by using evidence similar to those which led to theorem 2.9. So the given full binary tree is cubic 

harmonious for all 푛	 ≥ 	3. 

Theorem  2.7 

The graph G is obtained from K1,a by attaching K1,b at each pendant vertices of K1,b (child vertices) is cubic harmonious  

for all  a,b ≥ 1. 

Proof: Let G be the graph obtained from joining the pendant vertices of K1,a by K1,b. 

Let V(G) = 		{푢,			푢 ,푢 };         1 ≤ r ≤ a  ,  1≤	s	≤	b 

and E (G) = {푢푢 , 푢 푢 };       1 ≤ r ≤ a ,     1≤	s	≤	b 

So    │n (G)│ = a (1+b) + 1 

        │m (G)│ = a (1+b) 

Define f: V (G)      {0,1,2 … … 	[푎	(1 + 푏)] + 1} by 

f (u0) = [푎	(1 + 푏)] + 1 

f (ur) = 푎	(1 + 푏)– 	 푟– 1 ;               1≤ 	푟	 ≤	a 

f (urs) = 	푏 푟– 1 + 푠 – [푎(1 + 푏)] + 1− 푓(푢 );      1≤ 	푟	 ≤	a; 1≤ 	푠	 ≤	b; 

The induced edge mapping are 

f* (u0 ur) = 푎 + 푎푏	– 푟 + 1 ;             1≤ 	푟	 ≤	a 

f* (ur urs) = [푏(푟 − 1) + 푠] ;       1≤ 	푟	 ≤	a  ,  1≤ 	푠	 ≤	b 
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The vertex labels are in the set {	1, 2, … . ….		[푎(1 + 푏)] + 1}. Then the edge label arranged in the set 

{1 , 2 , … . . [푎(1 + 푏)] }. So the vertex labels are distinct and edge labels are also distinct and cubic. So the graph G is 

cubic harmonious  for all a, b ≥ 1. 

REFERENCES 

 
[1]   J.A . Gallian, A dynamic survey of graph labeling, The Electronic journal of Combinatrorics,16(2013), 
[2]   F. Harary, Graph Theory, Narosa Publishing House, New Delhi, 2001 
[3]  Jonathan L Gross, Jay Yellen, Hand book of Graph Theory  CRC Press,Washington(2003). 
 [4]  V.J.Kaneria and H.M.Makadia, M.M.Jariya,Meera Meghapara, Graceful labeling for  Complete  Bipartite Graphs; J. of  Applied Mathematical 
Science, Vol.8, (2014). Pages 5099 -5104 
[5]   Mini.S.Thomas and Mathew Varkey T.K, Cubic Graceful Labeling , Global Journal of Pure And Applied Mathematics, Volume 13,Number 9, 
pp 5225-5234, Research India Publications June (2017)  
[6]   Mini.S.Thomas and Mathew Varkey T.K, Cubic Harmonious Labeling . International Journal of Engineering Development of Research    Vol 
5,issue 4,pp 79-80  (2017)   
[7].  P.B.Sarasija and N.Adalin Beatress, Even - Odd harmonious graphs, international journal of Mathematics and Soft Computing Vol.5, No1,23-
29, (2015). 
[8]  S.C.Shee, “On harmonious and related graphs” Ars Combinatoria, vol 23, pp 237-247,(1987). 
[9]. T.Tharmaraj and P.B.Sarasija, Square graceful graphs, international journal of Mathematics and Soft Computing Vol.4, No 1,129-137, (2014), 
[10]. T.Tharmaraj and P.B.Sarasija, Some Square graceful graphs, international journal of Mathematics and Soft Computing Vol.5 No.1,119-127 . 
(2014). 
 

http://www.ijirset.com

